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Inverse Kinematics

Task: Compute the manipulator’s joint angles in configuration
space, when a workspace pose of the endeffector is given.

Input: Position and orientation (=pose) of the endeffector.

Output: All joint states of the manipulator.

Example: Inverse kinematics for a cartesian robot

Joint state of cartesian robot: Cart(tn, to , ta) =< l1, l2, l3 >.

Input: Positioncart =

0@px

py

pz

1A
Solution:
l1 = px

l2 = py

l3 = pz
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Inverse Kinematics for a spherical robot

Joint state of spherical robot: Sph(ra, ro , ta) =< α1, α2, l3 >.

Input: Positionsph =

0@px

py

pz

1A
Solution: I. l3Sα2Cα1 = px ,

II. l3Sα2Sα1 = py ,
III. l3Cα2 = pz

II.
I. →

Sα1
Cα1

=
py

px
→ α1 = atan2(

py

px
)

I.
III. →

Sα2
Cα2

= px

pz∗Cα1 → α2 = atan2( px

pz∗Cα1)

III.→ l3 = pz

Cα2
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In which quadrant is our solution angle?

Caution: An angle of 60◦ leads to a sine of 0.87 and a cosine
of 0.5, whereas an angle of 240◦ leads to a sine of -0.87 and a
cosine of -0.5. The fraction

py

px
is 1.74 in both cases.

But because only one of the angles can be correct, the
arctangent function has to choose between the possible
solutions. The arctangent function can choose the right angle,
if it knows the signs of the sine and the cosine.

C/C++ provides the function double atan2(double, double);
which does exactly that.
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Inverse Kinematics for RPY angles

Joint state of RPY angles: RPY (ra, ro , rn) =< α1, α2, α3 >.

Solution:
1 We decouple the rotation around the a-axis by premultiplying

with rot(a, α1)
−1

rot(a, α1)
−1 × RPY (α1, α2, α3) = rot(o, α2)× rot(n, α3)

2 Assuming that we know the final orientation, achieved by
RPY, we have

rot(a, α1)
−1 ×


nx ox ax 0
ny oy ay 0
nz oz az 0
0 0 0 1

 = rot(o, α2)× rot(n, α3)

3 Multiplying the matrices, we get2664
nxCα1 + ny Sα1 oxCα1 + oy Sα1 axCα1 + ay Sα1 0
ny Cα1 − nxSα1 oy Cα1 − oxSα1 ay Cα1 − axSα1 0

nz oz az 0
0 0 0 1

3775 =

2664
Cα2 Sα2Sα3 Sα2Cα3 0

0 Cα3 −Sα3 0
−Sα2 Cα2Sα3 Cα2Cα3 0

0 0 0 1

3775
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Inverse Kinematics for RPY angles (cont.)2664
nxCα1 + ny Sα1 oxCα1 + oy Sα1 axCα1 + ay Sα1 0
ny Cα1 − nxSα1 oy Cα1 − oxSα1 ay Cα1 − axSα1 0

nz oz az 0
0 0 0 1

3775 =

2664
Cα2 Sα2Sα3 Sα2Cα3 0

0 Cα3 −Sα3 0
−Sα2 Cα2Sα3 Cα2Cα3 0

0 0 0 1

3775

(2,1) I. nyCα1 − nxSα1 = 0

→ α1 = atan2(
ny

nx
) or α1 = atan2(

−ny

−nx
)

(3,1) and (1,1) I. Sα2 = −nz ,

II. Cα2 = nxCα1 + nySα1

→ α2 = atan2( −nz
nxCα1+nySα1

)

(2,2) and (2,3) I. Cα3 = oyCα1 − oxSα1,

II. Sα3 = axSα1 − ayCα1

→ α3 = atan2(
axSα1−ayCα1

oyCα1−oxSα1
)
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Inverse Kinematics for Euler angles

The inverse kinematic solution for Euler angles is very similar
to that of RPY angles.

See the book of Saeed B. Niku for further details.
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How Roboop computes IK queries

Roboop has analytical IK solutions for the manipulators Rhino
(100 loc), Puma (160 loc), and Schilling (100 loc).

For other devices, Roboop uses the Newton-Raphson
algorithm to compute a solution for an IK query.

Newton-Raphson performs an iterative gradient descent.

This means that Roboop does not always converge to a
solution, even if there is one. But Roboop is more general
than analytical solutions in a way that it can be used for any
manipulator where the DH parameters are known.

The initial pose affects whether the Newton-Raphson
algorithm converges for a certain goal pose or not.
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How Roboop changes the angles in an iteration step

Roboop computes the Jacobian matrix for the manipulator.
In each iteration, Roboop computes the forward kinematics
and compares it with the goal pose.
Subsequently Roboop reassigns joint angles with values that
minimize the pose error with respect to the Jacobian matrix.
As other local search, techniques Newton-Raphson can be
trapped in local minima, or the Jacobian matrix can become
nearly ~0 even if the manipulator is dextrous at the location.
The method is deterministic, so the solution angles are always
the same if the initial pose and goal pose are identical.
As stated in a prior lecture the user can choose to use the
Taylor expansion instead of the Jacobian matrix by setting the
function parameter mj to 1. The webpage says that Taylor
expansion does find a solution more often, but is slower than
the default algorithm by a factor of ≈ 1.8.
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Performing an inverse kinematics query

Listing 1: Roboop example for IK queries
// see fo rwa rd k i n ema t i c s program i n l e c t u r e 6 on which heade r s to i n c l u d e
i n t main ( i n t args , char∗∗ a rgv )
{

Matr i x s o l v e t h i s p o s e ( 4 , 4 ) ;
ColumnVector t h e t a ( 6 ) ;
ColumnVector a n g l e s ( 6 ) ;
ColumnVector t r a n s l a t i o n ( 3 ) ;
ColumnVector r o t a t i o n ( 3 ) ;
boo l conve rged ;
. . . // see fo rwa rd k i n ema t i c s program i n l e c t u r e 6 on how to c r e a t e r s T r g

t h e t a = r s T r g . g e t q ( ) ; // s t o r i n g i n i t i a l t h e t a v a l u e s

t r a n s l a t i o n << −0.19 << −0.47 << 0 . 0 9 ;
r o t a t i o n << −2.31 << −0.62 << −2.03;
s o l v e t h i s p o s e = t r a n s ( t r a n s l a t i o n ) ∗ rpy ( r o t a t i o n ) ;

a n g l e s = r s T r g . i n v k i n ( s o l v e t h i s p o s e , 0 , r s T r g . g e t d o f ( ) , conve rged ) ;
i f ( ! conve rged ) // check i f Roboop found a v a l i d s o l u t i o n

s t d : : cout << ”Did not conve rge . ” << s t d : : e nd l ;
e l s e {

s t d : : cout << ” So l u t i o n a ng l e s ( roboop−no t a t i o n ) ” << ang l e s << s t d : : e nd l ;
s t d : : cout << ” So l u t i o n a ng l e s ( p i−a c t a r r a y ) ” << ang l e s − t h e t a << s t d : : e nd l ;

}
}
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Opportunities to make Roboop converge more often

Increase the number of Roboop’s convergence steps (not that
promising; default: NITMAX 1000 in invkine.cpp).

Add a simulated annealing component to Roboops algorithm.

Change between Jacobian matrix and Taylor expansion.

As stated on a prior slide, the initial pose affects convergence,
so trying different initial poses might help.

Build a loop, where you set the initial pose of the manipulator
with set q(...) to different initial poses before performing the
IK query with inv kin(...). The advantage of this opportunity
is that you do not have to patch Roboop source code.
Which initial poses could be used?

Random poses.
Count how often a random pose was a successful initial pose
for IK queries and reuse promising poses.
Construct promising initial poses by hand.
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Hint for comparing angles in Roboop and GLroboop

GLroboop labels rpy angles strangely. The Inverse Kinematics
panel has the order < yaw , pitch, roll > and calls the rpy
function with the values in the order yaw, pitch, roll.
We learned that the first rpy-transformation is around the
a-axis by an angle of yaw, the second rpy-transformation is
around the o-axis by an angle of pitch, and the third
rpy-transformation is around the n-axis by an angle of roll.
The rpy-function in Roboop expects a ColumnVector that
stores the angles in the order < roll , pitch, yaw >.
So GLroboop’s yaw-angle is the roll-angle in our and
Roboop’s notation, GLroboop’s pitch-angle is the pitch angle,
and GLroboop’s roll-angle is the yaw-angle.
Keep this in mind, when you compare results obtaind by
inverse kinematics queries from GLroboop and Roboop,
because otherwise the results will be different!
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